A regular rotating MOG compact object is derived that reduces to the Kerr black hole when the parameter α = 0. Physical consequences of the dark compact object, which is regular everywhere in spacetime for α > αcrit = 0.674 and is a rotating Kerr-MOG black hole for α < αcrit are investigated.
Introduction
The detection of gravitational waves by the LIGO/Virgo observatories has opened up a new possibility of investigating the nature of black holes [1, 2, 3, 4] . The final merging of inspiralling binary black holes and neutron stars culminating in the ringdown phase and the formation of the remnant dark compact object can allow for distinguishing alternatives to black holes, such as quantum gravity and quantum effects induced dark compact objects and black holes [5] . Such exotic compact objects can not be completely dark and may not possess horizons and essential singularities. The black holes predicted to exist in general relativity are literally holes in spacetime, where classical physics breaks down at the essential singularity at the center of the black hole. The existence of the one-way horizon membrane, causally disconnecting the black hole interior from its exterior, leads to conundrums such as the information loss problem [6] . As more accurate data for the gravitational strain waveforms and the ringdown phase of merging binary dark compact objects is accumulated in the future, it will be possible to constrain alternatives to black holes.
In previous publications [7, 8, 9, 10, 11] classical black hole solutions have been found in a modified gravity (MOG) theory [12] . The classical, static spherically symmetric Schwarzschild-MOG spacetime metric has two horizons, while the rotating Kerr-MOG black hole has two horizons and an ergosphere. In both these black hole solutions there is an essential singularity at the center of the black hole where the components of the Riemann tensor are singular. A static spherically symmetric solution of the MOG field equations for nonlinear field equations for the (spin 1 graviton) vector field φ µ and its field strength:
have been derived [8] . The thermodynamics properties of the MOG black holes and the regular MOG dark compact object have been investigated [10] . The quasinormal modes in the ringdown phase of the merging of two Schwarzschild-MOG black holes has been investigated [11] . Other physical features of the MOG black holes and neutron stars have been investigated [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . As an alternative gravity theory MOG has been show to agree with data for galaxy rotation curves, galaxy dynamics and cosmology without dark matter [27, 28, 29, 30, 31, 32, 33, 34, 35] . The field equations for the matter-free MOG black hole metric spacetimes are given by
where we have set c = 1 and assumed that the measure of gravitational coupling G = G N (1 + α) is constant, ∂ ν G = 0, where α is a constant parameter, and the matter energy-momentum tensor T M µν = 0. We also need the matter-free field equations for the vanishing current density J µ = 0:
and
where ∇ ν is the covariant derivative with respect to the metric tensor g µν . The gravitational energy-momentum tensor for the φ µ vector field is given by
When the parameter α in the definition of the gravitational source charge Q g = √ αG N M of the vector field φ µ vanishes, then the MOG field equations reduce to general relativity field equations. We neglect the mass of the φ µ field, for in the determination of galaxy rotation curves and galactic cluster dynamics µ = 0.042 (kpc) −1 , which corresponds to the vector field φ µ mass m φ ∼ 10 −28 eV [27, 28] . The smallness of the φ µ field mass in the present universe justifies our ignoring it when solving the field equations for compact objects such as neutron stars and black holes.
The action for the above field equations is given by
where R is the Ricci scalar. A Kerr-MOG black hole or a regular MOG compact dark object can be formed from the collapse of a stellar object, and a supernassive Kerr-MOG black hole or regular supermassive MOG dark compact object can be formed by an as yet unknown mechanism. The gravitational repulsive force and pressure produced by the spin 1 gravitational vector field φ µ can prevent the formation of the dark compact object from becoming a MOG black hole. A regular solution for Einstein-Maxwell field equations with a nonlinear electrodynamics has been obtained [36] . After the formation of the dark compact object or black hole, an electrical charge Q e will be discharged extremely rapidly and the collapsed object will be electrically neutral [37, 38] , so we ignore any contribution of electrical charge Q e .
Regular Static-MOG Compact Object
The action for the matter-free MOG gravitational theory with nonlinear field equations for the gravitational spin 1 vector field φ µ is given by
where L(B) is the Lagrangian density describing the nonlinear contribution of B µν = ∂ µ φ ν − ∂ ν φ µ to the theory with B = 1 4 B µν B µν . The MOG field equations in the absence of matter are
where * B µν is the dual B µν tensor. The gravitational energy-momentum tensor is
where L B = dL B /dB. As before, the gravitational constant G = G N (1 + α), or, for the units G N = 1, G = 1 + α, and the gravitational source charge for the spin 1 gravitational vector field φ µ is Q g = √ αM where M is the mass of the body. From the field equations, we obtain the gravi-electric field:
This yields the energy-momentum tensor components:
An alternative way to describe the nonlinear system is to consider the function H(P ) obtained from the Legendre transformation [39] :
We define
where H is a function of P . The specific function H for the regular spacetime metric solution is
where
Regular Static Spherically Symmetric Compact Object
For the static spherically symmetric line element, we have
where dΩ = dθ 2 + sin 2 θdφ 2 . The f S (r) for the MOG regular static, spherically symmetric dark compact object is given by [8] :
The gravi-electric field is given by
We obtain for large r the asymptotic behavior:
Near the center r ≈ 0 the static, spherically symmetric dark compact object has the metric behavior:
where C is given by
and the spacetime metric is regular f S (0) = 1. The curvature invariants R = R µ µ and R µνλσ R µνλσ are regular at r=0.
To remove the singular coordinate behavior of the metric, we rewrite the metric in advanced EddingtonFinkelstein coordinates. We perform the following transformation for an incoming photon: and for an outgoing photon:
The metric in the advanced Eddington-Finkelstein coordinates is of the form:
The gravitational redshift z is determined for the static spherically symmetric system by
where R is the radius of the compact object and r is the asymptotic distance to an observer. When Q g ≤ Q gcrit and α ≤ α crit = 0.674, the redshift is infinite at the horizon r + where
while for α > α crit = 0.674, the redshift z is finite. We expect observationally that the regular dark compact object is sufficiently dark to be compatible with binary x-ray observations, so α ∼ α crit . In Fig. 1 , we display the redshift as a function of α. The redshift approaches infinity as α → α crit = 0.674. In Figure 2 , the ratio of r(z max )/G N (1 + α)M versus α is displayed. The repulsive gravitational force and pressure p, produced by the spin 1 (graviton) vector field φ µ , is responsible for the prevention of the collapse of a star to a black hole with horizons and an essential singularity at r = 0.
Regular MOG Rotating Compact Object
We will use the Newman-Janis method to convert the spherically symmetric, static compact object into a rotating one [40, 41] . We consider only the outgoing photon case (25) and make the following complex coordinate transformations:r = r + ia cos θ,ũ = u − ia cos θ,θ = θ,φ = φ, where a = J/M and J denotes the angular momentum. From these transformations, we obtain the metric function:
where ρ 2 = r 2 + a 2 cos 2 θ. The metric line element now becomes in the Boyer-Lindquist coordinates:
The rotating MOG solution is fully determined by the mass M , the spin parameter a and the parameter α. The Kerr-MOG metric line element becomes the Kerr metric line element when α = 0:
where ∆ = r 2 + a 2 − 2M r. There is a critical value of the gravitational charge Q g = Q gcrit when the regular rotating MOG dark compact object becomes a rotating MOG black hole with two horizons and an ergosphere. The critical value Q gcrit is obtained when the two conditions are satisfies:
Solving these equations for r and α, we can obtain a solution as a function of a, θ and α:
g rr (r, a, θ, α) = 0, ∂ r g rr (r, a, θ, α) = 0.
The critical values of the gravitational charge Q gcrit and α crit are determined by the radius of the static limit surface r corresponding to the rotation parameter a for different values of θ. By solving for the roots of f R (r, α) = g 00 (r, α) = 0, we obtain the critical value α = α crit ≤ 0.674, which separates the MOG black hole from the regular MOG dark compact object. For α ≤ α crit = 0.674 the static black hole with a = 0 has the two horizons (29) . For α crit > 0.674 the static, dark compact object is regular throughout spacetime with no horizons and no singularity at r = 0. For the rotating MOG compact object the critical value α crit for a range of a and θ physically constrains the compact object to two possible physical systems. For α < α crit the rotating compact object has two horizons and an ergosphere, while for α > α crit there are no horizons and there can and cannot be an ergosphere depending on the value of the coordinate θ. The rotating MOG dark compact object without horizons, and no singularity at r = 0 is regular everywhere in spacetime.
Conclusions
We have derived a generalized Kerr rotating dark compact object determined by the angular momentum (spin), mass and the parameter α of the object. When α > α crit = 0.674, the static compact object and MOG spinning compact object can, depending on the spin parameter a and coordinate θ, be regular without horizons and with and without an ergosphere. The repulsive gravitational force and pressure, preventing the compact object from becoming a rotating Kerr-MOG black hole with α < α crit , are furnished by the gravitational vector φ µ and its corresponding field strength B µν . The LIGO/Virgo observatory data can provide constraints on the alternative dark compact object. In particular, future accurate data for the waveforms of merging binary dark compact objects can distinguish between a general relativity black hole, a MOG black hole and the static and rotating MOG horizonless and singularity-free dark compact object.
In the event that the MOG regular dark compact object can be a physical alternative to a black hole, then this would have the important consequence of removing black hole conundrums such as the information loss paradox [6] . It would demonstrate that it is possible to describe the regular spacetime properties of dark compact objects by classical gravity theory. In classical general relativity the matter in the collapse of a star to a black hole ends up residing at the essential singularity at the center of the black hole. In the case of a MOG regular dark compact object, the matter would reside inside the compact object as a regular interior solution of the field equations including a matter energy-momentum tensor T M µν . The stability of the massive compact object would be determined by solving generalized MOG Oppenheimer-Volkoff equations with an equation of state for the matter fluid compatible with the stabilizing, MOG gravitational repulsive force and pressure. Investigations have been performed to constrain material binary compact objects using LIGO/Virgo gravitational wave data and simulated wave forms [42, 43, 44] .
Is there a law of nature that could inhibit the collapse of a star to a MOG black hole by compelling α > α crit = 0.674? The answer to this question requires a solution of the physical determination in MOG of the parameter α, or, in turn, a MOG determination of the physical behavior of G = G N (1 + α) and the gravitational charge Q g = √ αG N for weak as well as strong gravitational fields.
